The Josephson supercurrent through the hybrid Majorana-quantum dot-Majorana junction is investigated. We particularly analyze the effect of spin-selective coupling between the Majorana and quantum dot states, which emerges only in the topological phase and will influence the current through bent junctions and/or in the presence of magnetic fields in the quantum dot. We find that the characteristic behaviors of the supercurrent through this system are quite counterintuitive, remarkably differing from the resonant tunneling, e.g., through the similar (normal phase) superconductor-quantum dot-superconductor junction. Our analysis is carried out under the influence of full set-up parameters and for both the 2π and 4π periodic currents. The present study is expected to be relevant to future exploration of applications of the Majorana-nanowire circuits.
I. INTRODUCTION
Majorana fermions (MFs) are exotic self-Hermitian particles with non-Abelian statistics, hold a property with themselves as their own antiparticles 1-3 and promise robust building blocks for topological quantum computation 4, 5 . Remarkable insight predicts that MFs can emerge as novel excitations of Majorana zero modes or Majornana bound states in condensed matter systems, e.g., from the non-Abelian excitations in a 5/2 fractional quantum Hall effect in semiconductor heterostructures 6 , and based on exotic superconductors where MFs correspond to zero-energy states of an effective Bogoliubov-de Gennes Hamiltonian 7, 8 . More recent proposals employ the proximity effect from a conventional superconductor, either in nanowires in the presence of strong spin-orbit interaction and Zeeman spliting [9] [10] [11] [12] [13] [14] [15] , or in topological insulators [16] [17] [18] [19] [20] . These efforts bring the MFs closer to experimental realization and predict more reliable experimental signatures of their presence. Among the signatures include such as the halfinteger conductance quantization 21 , the zero-bias peak in the tunneling conductance [22] [23] [24] [25] , and the 4π Josephson effect in superconductor-superconductor junctions 14, [26] [27] [28] . In particular, in order to distinguish MFs from other quasi-particle states, some interest in recent years turns to the spin selective Andreev reflection [29] [30] [31] [32] . In this work we consider the hybrid system of Majorana-quantum dot-Majorana junction which can be realized from semiconductor nanowires in proximitycontact with s-wave superconductors, as schematically shown in Fig. 1 . Similar systems of Majorana nanowire coupled to quantum dots (QDs) have been investigated for phenomena such as teleportation 33 , anomaly of conductance peak 34 , characteristic signatures in current noise spectrum 35 , and featured Josephson current 15 . Our present interest is the dc Josephson current under the influence of spin-selective coupling between the Majorana and QD states, which is most relevant to bent junctions and the presence of magnetic field in the QD area.
Due to the helical property of MF, the MF at the end of the nanowire only couples to a unique spin state in the normal region, e.g., the spin-up QD state as shown in Fig. 1 . Actually, this spin-selective coupling is the origin of the spin-dependent Andreev reflection 29, 36 . In previous studies, the set-up configuration is usually assumed to be either a single Majorana nanowire coupled to normal leads or QDs, or a straight Majorana-normal region-Majorana junction with bent angle θ = 0. In both cases, only the spin-up states (in the normal parts) couple to the MF and contribute to the current. However, if the Majorana-QD-Majorana junction is not straight (with a bent angle θ = 0 between the nanowires), the two MFs at the ends of the nanowires (see Fig. 1 ) will couple to spin states in the QD with different orientations, leading thus to both the spin-up and spin-down states participating in the transport. This is anticipated to result in different current behaviors of the straight and bent junctions. On the application aspect (e.g. in the topological quantum computations), the Majorana nanowires will possibly have an orientational angle, or one would like to employ this orientational angle to modulate the charge transfer properties. This makes thus the bending structure studied in this work relevant to possible real circuits.
We will also analyze the effect of magnetic fields in the QD area. This is motivated by viewing that, in order to induce the emergence of MF, magnetic fields are needed to apply in the nanowires, which must spill over in the QD area owing to its close separations from the nanowires. Similar to the consequence of junction bending, we expect that the non-z-axial direction magnetic field will make the spin-down state involved in the transport as well. We will show that, remarkably, owing to the spin-selective coupling, both the magnetic field in the QD area and the junction bending will result in some counterintuitive behaviors of the Josephson current. For instance, in the case of QD level aligned with the Fermi en-ergy (under resonant tunneling), the Josephson current is to be strongly suppressed by the magnetic field and junction bending. However, as the QD level deviates from the Fermi level (violates the resonant-tunneling condition), the oscillation amplitude of the Josephson current always shows an enhanced value, together with robust jumps in the current-phase curves.
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II. MODEL AND METHODS

A. Set-up Model
In this work we consider the simple setup as shown in Fig. 1 , where two semiconductor nanowires are connected through a QD. The nanowires are in proximity contacted with an s-wave superconductor. Then, the proximityeffect-caused superconductivity, together with the strong Rashba spin-orbit coupling (SOC) and Zeeman splitting inside the nanowires, can possibly induce emergence of a pair of MFs at the ends of each nanowire 13, 14 , as denoted in Fig. 1 by γ L 1,2 for the left wire and γ R 1,2 for the right one.
The tunnel-coupled system can be modeled by an effective low-energy Hamiltonian H = H M + H dot + H dL + H dR , more explicitly with 
, where the phase factors are determined by the phase of the substrate superconductors and their difference will result in the famous Josephson current. Another important issue to be noted is that, due to the helical property of MF, the MF only couples to the spinup state in the QD (defined in the same z-representation of the associated nanowire) 29, 36 . As mentioned in the introduction, our special interest in this work is to consider the two nanowires not aligned in the same orientation, but with an angle θ, as shown in Fig.1 . Thus, the left and right MFs would couple only to the QD state spinpolarized, respectively, along the z and z ′ axes, with the associated electron operators connected by the following unitary transformation:
This implies that, if the bent angle θ = 0, the spin-down state also couples to the MFs.
In practice, it would be convenient to convert the MFs to regular fermion representation, via the simple transformation:
The creation operators are their Hermitian conjugate and satisfy {c L(R) , c † L(R) } = 1. Now let us apply the generalized Nambu representation, by introducing the field creation and annihilation operators as
T . Then, the Hamiltonian of the whole system can be rewritten as
where the Hamiltonian matrix has a block form given by
and each sub-matrix reads, respectively,
The other two off-diagonal sub-matrices are given by
B. Josephson current
From the description of the above low-energy effective Hamiltonian, it seems that this system, which accommodates discrete energy levels, can support only unitary evolution (quantum oscillations). However, this is not true. Note that the MFs at the ends of the nanowire are induced via contact with superconductor which has the Cooper pair reservoir. Even under zero bias voltage, the both superconductors (see Fig. 1 ) can support stationary dc Josephson current, if a phase difference between the superconductors is maintained. This understanding allows us to apply the quantum transport formalism of nonequilibrium Green's function (nGF) to the present set-up with only discrete energy levels.
Following the nGF technique outlined in Ref. [37, 38] , the Josephson current reads
This result is expressed in the Nambu representation.
applicable in the compact form. G d is the 'reduced' effective Green's function of the quantum dot, by accounting for the effect of the 'leads' (the Majoranas connected at both sides) as self-energies (as usual in the nGF formalism for transport). Here we useΣ to denote the difference of the self-energies from the left and right wires (leads), Σ = Σ L − Σ R . The associated retarded and advanced self-energies are given, respectively, by
where g
are the retarded (advanced) Green's functions of the isolated left/right wires. For the lesser self-energies, one can apply:
−1 , and the lesser Green's function can be similarly obtained by using
Using these relations together with some algebras, we obtain
This compact formula will be applied in this work to calculate the Josephson current.
III. RESULTS
In the numerical investigations, results will be calculated under the influence of a couple of set-up parameters: the gate voltage, which would affect the QD level ε d ; the bent angle θ of the junction; the magnetic field in the QD area; and the overlap strength of the Majorana wavefunctions (ε L/R ). We would like to set |λ L | = |λ R | = λ = 1 and scale all energies by λ. Also, we denote the Fermi level of the entire set-up as reference (zero) energy, the phase difference between the superconductors as ∆φ = φ R − φ L , and assume zero temperature and identical nanowires (ε L = ε R ). 
A. Effect of Dot Level Modulation
We first display the result for the straight junction with θ = 0. In this case, the unique Majorana feature is revealed, as shown in Fig. 2(a) , by the robust "jump" of the Josephson current at ∆φ = π and the non-vanishing current when modulating the dot level ε d (via modulation of the gate voltage applied). We see that, with the increase of ε d (even far away from the Fermi energy, i.e., ε d = 0), the Josephson current only reduces by a small amount, and the jump at ∆φ = π always survives there, being robust against the variation of ε d . For instance, for ε d = 2.0, the amplitude of the Josephson current is only reduced to about 70% of the value at ε d = 0.
The both features revealed here are entirely different from the normal superconductor-QD-superconductor junction. In the normal (trivial) case, the jump only appears at ε d = 0 and the current is to be strongly suppressed when ε d deviates far away from the Fermi energy 38 . We thus conclude that the features revealed in Fig. 2(a) are closely associated with the superconductorproximity-induced nontrivial (topological) phase of the nanowire where the MF emerges. In this case, the structure of the energy diagram is as shown in Fig. 2(b) , where we find the remarkable zero-energy crossing points at ∆φ = ±π which are responsible for the current "jumps" as observed in Fig. 2(a) .
Qualitatively speaking, the current is the sum of all contributions from the occupied energy levels, with each individual proportional to the derivative of the associated energy curve (with respect to ∆φ) 26 . In this work, we calculate the current using Eq. (8). We integrate the energy from −∞ to the Fermi level, implying that the system is always in thermal equilibrium especially when ∆φ passes through π. This treatment corresponds to certain relaxation mechanism involved, as a consequence of particle addition/loss from/to the surrounding environment. As a consequence, we obtain the 2π periodic current (as a function of ∆φ), Fig. 2(a) . Only under the fermion-number-parity conservation, the so-called 4π periodic current can be expected. We will address this issue later in more detail.
B. Effect of Magnetic Fields
We now consider the possible effects of magnetic field in the dot area. For the Zeeman splitting of the dot level caused by the magnetic field along the z axis, we can understand that the effect is the same as the electric gate-modulation of the dot level, as shown in Fig. 2(a) .
The effect of B x (magnetic field along the x axis) is shown in Fig. 3 . For the ideal configuration with ε d = 0, the jump at ∆φ = π disappears and evolves to a rounded transition behavior. And, with the increase of B x , the Josephson current quickly decreases and vanishes at last.
For ε d = 0, similar modulation effect of B x on the amplitude of the Josephson current is caused by the spinselective coupling between the Majorana and QD states, by noting that the magnetic field B x has a role of rotating the electron spin, leading thus to a change of the zcomponent of the spin. However, in this more "relaxed" case (ε d = 0), the jump behavior at ∆φ = π survives. This indicates that the Majorana characteristic jump behavior is robust against the deviation of the dot level from the Fermi energy, even under the influence of magnetic field in the QD area.
Moreover, out of simple expectation, if the dot level ε d is far away from the Fermi energy (e.g. ε d = 1), the Josephson current is reduced by B x much more modestly, than in the case of ε d = 0, see, e.g., the results in Fig. 3(a) and (d) . Indeed, this behavior is very counterintuitive, since in usual case the largest current always appears at resonant tunneling 39, 40 , i.e., the dot level ε d at the Fermi energy. 
C. Effect of Junction Bending
As remarked in the Introduction, the spin-selective coupling can be manifested also by bending the junction, i.e., by altering the mutual angle (θ) between the nanowires. The results are displayed in Fig. 4 , which actually resemble what we observed in Fig. 3 . That is, the "jump" at ∆φ = π is rounded in Fig. 4(a) for ε d = 0, while in Fig. 4(b) , (c), and (d) for ε d = 0, the "jump" survives and the maximum (amplitude) of the current decreases with the increase of the bent angle θ. Again, out of expectation, for finite θ (e.g. θ = π 4 , π 2 and 3π 4 ), the amplitude of the Josephson current would increase with the deviation of the dot level from the Fermi energy. This means that, for a bent Majorana-Josephson junction, the stronger the resonance condition is violated, a larger supercurrent will flow through the junction. We finally mention that, for all cases, the parameter θ = π simply means rotating the right wire to the same side of the quantum dot and in parallel to the left wire, which would result in a completely vanished current. 
D. Energy Diagram Based Interpretation
We found through Figs. 2, 3 and 4 that, regardless of the magnetic field B and the mutual angle θ, the current jump can safely survive and the amplitude of the current maintains a large value, if the dot level ε d violates the resonance condition. We may further understand the behaviors as follows, with the help of the energy diagrams of Fig. 2(b) and Fig. 5 .
First, in Fig. 2(b) for ε d = 0 and θ = 0, the flat zeroenergy level are of four-fold degeneracy, i.e., for the states 
The other four phase-difference (∆φ) dependent eigen-energies are from the coupling of the states γ L1 , γ R2 , d ↑ and d † ↑ . To be more specific, the two Majoranas γ L1 and γ R2 couple commonly to the spin-up dot state, resulting in the 'crossing' structure at zero energy at ∆φ = ±π, which is similar to the result of direct coupling of two Majoranas. 41 It is just owing to this zero-energy crossing (at the Fermi energy) that the large Josephson current with abrupt jump is resulted in, in the presence of 'relaxation' or thermal equilibrium. Second, for the dot level ε d = 0 but θ = 0 [see Fig. 5(d) ], the Majorana states γ L2 and γ R1 have also the flat zero-energy (independent of ∆φ); however, the energies of d ↓ and d † ↓ move to ε d and −ε d , respectively. These would lead to an opening of the high-energy crossing at ∆φ = 0 (or ±2π), but still keeping the zero-energy crossings at ∆φ = ±π caused by γ L1 and γ R2 . As a result, the Josephson current keeps a large value and the jump survives, because the current are dominantly contributed by the zero-energy crossing states.
Third, if θ = 0 and ε d = 0 [see Fig. 5 (a)], we see that the zero-energy degeneracy of γ L1 and γ R2 at ∆φ = ±π is removed. The disappearance of the zero-energy crossings leads to a strong reduction of the Josephson current and rounding the jump to smooth transition, as shown in Fig. 4(a) .
Finally, for the case of both θ = 0 and ε d = 0, as shown in Fig. 5(b) and (c), the absence of efficient energy level interaction between the Majorana and QD states (owing to ε d = 0) does not remove the zero-energy degeneracy of γ L1 and γ R2 at ∆φ = ±π. Then, the zero-energy crossing structure of the energy spectrum at ∆φ = ±π results in a large Josephson current with abrupt jumps, despite that the dot level ε d deviates far from the Fermi energy.
E. Effect of Majorana Interaction
Below we show that, in order to observe the featured behaviors discussed above, the overlap of the Majorana wavefunctions at the ends of the same nanowire should be negligibly small. Or, equivalently, the Majorana interaction should be negligibly small. In Fig. 6 we display the result for ε L = ε R = 0, which corresponds to nonzero coupling between the two Majoranas in the same nanowire. Indeed, we find that the amplitude of the Josephson current is strongly reduced and the jump disappears, with the increase of ε L,R [see Fig. 6 (a) and (c)]. The basic reason is that the Majorana interaction in the same nanowire destroys the zero-energy Majorana state.
We have also checked that the large Josephson current with jump behavior cannot be restored by altering the dot level, even with ε d in resonance with ε L and ε R [see Fig. 6(c) and (d) ]. The reason is that, if ε L = ε R = 0, the zero-energy Majorana states γ L1 and γ R2 are destroyed and the zero-energy crossings at ∆φ = ±π disappear. As a consequence, the jumps at ∆φ = ±π are replaced by rounded transitions, and the current is strongly reduced.
In Fig. 6 (b) and (d), taking the current at ∆φ = π/2, we show again the θ dependence of current, in the presence of Majorana coupling (ε L,R = 0). From this result we see clearly that, in order to obtain a larger supercurrent, we should make the nanowire longer than the superconductor coherence length to ensure the emergence of Majorana zero modes at the ends of the nanowire. 
F. 4π Periodic Current
So far we have assumed that the system always relaxes to a thermal equilibrium when we vary the phase difference ∆φ. In particular, at the zero-energy crossings at ∆φ = ±π, this relaxation is accompanied by either an addition or a loss of a single particle, which therefore changes the parity of the particle numbers (i.e., the fermion parity). If such relaxation channel is blocked or the fermion parity is conserved, rather than the 2π periodic current we obtained above, a remarkable 4π periodic Josephson current can be expected, which is usually regarded as one of the most prominent Majorana signatures.
The 4π periodic current can be calculated as well by using Eq. (8), based on the following technique: When we increase ∆φ after passing through ±π, for the state occupation of the levels crossing at zero energy (the Fermi level) at ∆φ = ±π, we replace the occupation of the lower level under the Fermi energy by its counterpart above the Fermi level (owing to the fermion parity conservation), while satisfying the condition of thermal equilibrium after this replacement.
The results of the 4π periodic current are shown in Fig. 7 , for one period. Compared with the 2π periodic current, we find that the jumps at ∆φ = ±π disappear for all the 4π periodic currents. However, for the case of θ = 0 and ε d = 0 similar jumps may appear near (but not at) ∆φ = ±π, as observed in Fig. 7(b) and (c), owing to the accidental energy crossings at the specific phases. Again, along the increase of the angle θ, the amplitude of the current decreases. However, the current is more strongly suppressed in the case of ε d = 0, while for larger deviation of ε d (from the Fermi level) the current is less reduced. 
IV. SUMMARY
To summarize, we have investigated the dc Josephson supercurrent through the Majorana-quantum dotMajorana junction. Our particular interest is the consequence of the unique spin-selective coupling between the Majorana and dot states, which emerges only in the topological phase and will drastically influence the current through bent junctions and/or in the presence of magnetic fields in the dot area. Differing from the typical resonant tunneling behavior of the supercurrent through similar system in normal phase such as the superconductor-quantum dot-superconductor junction, we uncovered some counterintuitive results associated with the exotic nature of the Majorana fermion.
For instance, even for a straight junction and without magnetic field in the dot area, when the dot level deviates considerably from the Fermi energy, the Josephson supercurrent keeps a large amplitude of oscillation with the superconductor phase difference ∆φ and reveals abrupt jumps of current at ∆φ = ±π. Drastically, this result differs from the usual resonant tunneling behavior through similar system in normal phase. For a bent junction and/or in the presence of magnetic field in the dot, richer unexpected behaviors are found. In resonance (the dot level aligned with the Fermi energy), we find that the supercurrent is to be strongly reduced by either the junction bending or the magnetic fields in the dot. At the same time, the current jumps at ∆φ = ±π are rounded. However, if the dot level deviates from the Fermi energy (i.e., violates the resonant tunneling condition), the supercurrent can, on the contrary, maintain a large amplitude of current and the current jumps robustly survive at ∆φ = ±π, even under the influence of junction bending and magnetic fields in the dot. We expect these findings to be useful in future design of novel circuit devices based on quantum dots and Majorana nanowires.
